Abstract. In this paper, we will investigate the Hyers-Ulam stability of an involutive A-quadratic mapping.
Introduction
In 1940, S. M. Ulam gave a wide ranging talk before the Mathematics Club of the University of Wisconsin in which he discussed a number of important unsolved problems ( [16] ). Among those was the question concerning the stability of homomorphisms:
Let G 1 be a group and let G 2 be a metric group with the metric d(·, ·). Given ε > 0, does there exist a δ > 0 such that if a function h : G 1 → G 2 
satisfies the inequality d(h(xy), h(x)h(y)
< δ for all x, y ∈ G 1 then there is a homomorphism H : G 1 → G 2 with d(h(x), H(x)) < ε for all x ∈ G 1 ?
The case of approximately additive mappings was solved by D. H. Hyers [6] under the assumption that G 1 and G 2 are Banach spaces. In 1978, Th. M. Rassias [14] gave a generalization of the Hyers's result. Recently, Gȃvruta [5] also obtained a further generalization of the HyersUlam stability.
The quadratic functional equation (1.1) f (x + y) + f (x − y) = 2f (x) + 2f (y)
clearly has f (x) = cx 2 as a solution with c an arbitrary constant when f is a real valued function of a real variable. We define any solution of (1.1) to be a quadratic mapping. The Hyers-Ulam stability for the equation (1.1) was proved by F. Skof for functions f : V → X where V is a normed space and X a Banach space ( [15] ). In the paper [4] , S. Czerwik proved the Hyers-Ulam stability of the quadratic functional equation (1.1). Since then, the stability problems of functional equations have been extensively investigated by a number of mathematicians ( [1, 2, 7, 8, 9, 11, 12, 13] ). Throughout this paper, let A be a unital Banach *-algebra, A 1 = {a ∈ A | a = 1}, and let X a normed left A-module.
Example 1.1. Consider the normed left M 2 (C)-module C 2 equipped with the module multiplication M 2 (C)×C 2 → C 2 given by (a, x) −→ ax as the product of matrices. For λ ∈ C, the mapping f :
The solution of an involutive A-quadratic mapping was solved by J. Vukman [17] .
In Sections 2 and 3 of this paper, we extend the Hyers-Ulam stability of an involutive A-quadratic mapping.
Stability of an involutive A-quadratic mapping
for all a ∈ A 1 and all x, y ∈ X. If f (tx) is continuous in t ∈ R for each x ∈ X, then there exists a unique involutive A-quadratic mapping Q : X → A such that
for all x ∈ X. The mapping Q : X → A is given by
for all x ∈ X.
Proof. If ϕ satisfies the condition (2.2), we easily know the fact that
Suppose that ϕ satisfies the condition (2.1). Let x be an arbitrary fixed element of X. Putting a = 1 in (2.3), we obtain
From (2.5) and (2.6), we get
Induction argument implies
} is a Cauchy sequence and thus converges. From this, we can define Q : X → A such that
From (2.3), (2.8) and the definition of Q, we have
for all a ∈ A 1 . Under the assumption that f (tx) is continuous in t ∈ R for each x ∈ X, by a similar method to the proof of ( [14] ), we obtain that
for all t ∈ R and all x ∈ X. By (2.9) and the above equality, we get
So Q is involutive A-quadratic. Taking the limit in (2.7) as m → ∞, we obtain the inequality (2.4). If Q is another involutive A-quadratic mapping satisfying (2.4), then
for all x ∈ X and all n ∈ N. Taking the limit in the above inequality, we have Q(x) = Q (x) for all x ∈ X. For the case that ϕ satisfies the condition (2.2), the proof is analogous to the case (2.1).
Corollary 2.1. Let δ be a real number, and f : X → A a mapping such that
for all a ∈ A 1 and all x, y ∈ X. Then there exists a unique involutive A-quadratic mapping Q : X → A such that
Example 2.1. For λ ∈ C and ε ∈ C 2 , consider a mapping f :
Corollary 2.2. Let E be a complex normed space and f : E → C a function such that
for all λ ∈ T 1 and all x, y ∈ E, where
is continuous in t ∈ R for each fixed x ∈ E, then there exists a unique involutive C-quadratic mapping Q : E → C such that
Theorem 2.2. Let f : X → A be a mapping such that
for all a ∈ A 1 and all x, y ∈ X. If f (tx) is continuous in t ∈ R for each fixed x ∈ X, then there exists a unique involutive A-quadratic mapping Q : X → A such that (2.4). The mapping Q : X → A is given by the same formula as the statement of Theorem 2.1.
Proof. By a similar method to the proof of Theorem 2.1, one can obtain the result.
Results in Banach modules over a C * -algebra
Throughout this section, let A be a unital C * -algebra. Put U(A) := {a ∈ A | aa * = a * a = 1}, A in := {a ∈ A | a is invertible}, A sa := {a ∈ A | a = a * } and A + := {a ∈ A | a is positive}. Let ϕ be nonnegative real valued functions defined on X × X satisfying (2.1) or (2.2) on X.
Kadison and Pedersen [10] showed the following. We prove the generalized Hyers-Ulam stability of the functional equation (1.1) in Banach modules over a unital C * -algebra. Proof. By the same reasoning as in the proof of Theorem 2.1, there exists a unique quadratic mapping Q : X → A satisfying (2.4) for all x ∈ X, and
for all a ∈ A 1 ∩ A in and all x ∈ X. By the continuity and the uniform convergence, one can show that Q(ax) is continuous in a ∈ A 1 for each
for all x ∈ X. By (3.1),
for all x ∈ X. By (3.1) and (3.4), Q(ax) = aQ(x)a * for all a ∈ A 1 and all x ∈ X. The rest of the proof is similar to the proof of Theorem 2.1. 
By the same process as the above argument, one can obtain that Q(ax) = aQ(x)a * for all a ∈ A 1 ∩E and all x ∈ X.
The rest of the proof is the same as in the proof of Theorem 3.1. The rest of the proof is the same as in the proof of Theorem 3.2.
